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Landau’s phenomenological theory of Fermi liquids is a fundamental paradigm in many-body
physics that has been remarkably successful in explaining the properties of a wide range of interacting
fermion systems, such as liquid helium-3, nuclear matter, and electrons in metals. The d-dimensional
boundaries of (d + 1)-dimensional topological phases of matter such as quantum Hall systems and
topological insulators provide new types of many-fermion systems that are topologically distinct
from conventional d-dimensional many-fermion systems. We construct a phenomenological Landau
theory for the two-dimensional helical Fermi liquid found on the surface of a three-dimensional time-
reversal invariant topological insulator. In the presence of rotation symmetry, interactions between
quasiparticles are described by ten independent Landau parameters per angular momentum chan-
nel, by contrast with the two (symmetric and antisymmetric) Landau parameters for a conventional
spin-degenerate Fermi liquid. We then project quasiparticle states onto the Fermi surface and ob-
tain an effectively spinless, projected Landau theory with a single projected Landau parameter per
angular momentum channel that captures the spin-momentum locking or nontrivial Berry phase
of the Fermi surface. As a result of this nontrivial Berry phase, projection to the Fermi surface
can increase or lower the angular momentum of the quasiparticle interactions. We derive equilib-
rium properties, criteria for Fermi surface instabilities, and collective mode dispersions in terms of
the projected Landau parameters. We briefly discuss experimental means of measuring projected
Landau parameters.
PACS numbers: 71.10.-w, 71.10.Ay, 71.70.Ej, 73.20.-r
The Landau theory of Fermi liquids (FL) [1], or FL
theory for short, is the cornerstone of our understand-
ing of weakly correlated, gapless Fermi systems at low
temperatures, such as 3He atoms in the normal liquid
state and itinerant electrons in metals. FL theory ex-
plains the puzzling observation that despite strong inter-
actions between the constituent fermions, many Fermi
systems behave essentially as free Fermi gases, except for
the renormalization of their physical properties which is
captured by dimensionless quantities known as Landau
parameters. These Landau parameters describe how the
elementary excitations of the FL—the quasiparticles and
quasiholes—interact with one another.
Topological insulators [2] provide new types of gapless
Fermi systems: topological surface/edge states. In the
absence of interparticle interactions, electrons propagat-
ing on the edge of a two-dimensional (2D) topological
insulator [3] form a 1D helical Fermi gas [4]. In the pres-
ence of interactions, the 1D helical Fermi gas becomes
a 1D helical Luttinger liquid [5] with no sharply defined
Fermi points. In 3D topological insulators, surface elec-
trons form a 2D helical Fermi gas [6], which is expected to
evolve adiabatically into a 2D helical FL in the presence
of electron-electron interactions.
This paper presents a FL theory for the interacting
2D surface states of the 3D topological insulator. To
our knowledge, such a helical FL theory has been miss-
ing in the literature despite the recent surge of interest
in the effects of electron-electron interactions in topo-
logical insulators [7]. In the spirit of standard FL the-
ory [1], we focus on systems with a discrete time-reversal
symmetry, the protecting symmetry of topological in-
sulators, as well as continuous translation and spatial
rotation symmetries. We further consider the simplest
case of a single surface Fermi surface—denoted simply
as the Fermi surface in the following—which by rota-
tion symmetry must be circular. This does not apply
to certain topological insulators whose Fermi surface is
strongly anisotropic, such as Bi2Te3 with 0.67% Sn dop-
ing [8] where there are large hexagonal warping effects
due to the rhombohedral crystal structure of the bulk ma-
terial [9]. However, in several other topological insulators
such as Bi2Se3 [10], Bi2Te2Se [11], SbxBi2−xSe2Te [11],
Bi1.5Sb0.5Te1.7Se1.3 [12], Tl1−xBi1+xSe2−δ [13], strained
α-Sn on InSb(001) [14], and strained HgTe [15], the Fermi
surface as observed in angle-resolved photoemission spec-
troscopy (ARPES) is very nearly circular. However,
due to spin-momentum locking in the topological sur-
face states [6]—a consequence of strong spin-orbit cou-
pling, rotation symmetry in a helical FL must neces-
sarily involve spin degrees of freedom, which leads to
a theory rather different from that of the conventional
spin-degenerate FL. Moreover, the existence of a single
nondegenerate Fermi surface—a consequence of the topo-
logical character of the bulk—eventually leads, via the
application of the general principles of FL theory, to an
2effectively spinless FL theory. The physical properties
of the resulting helical FL are nevertheless distinct from
those of a truly spinless FL, due to a nontrivial mapping
between physical, spinful quasiparticles, and the effec-
tive, spinless quasiparticles. For the same reason, our
helical FL theory is also qualitatively different from re-
cently constructed FL theories of non-topological spin-
orbit coupled systems such as the Rashba 2D electron
gas [16] and 3D spin-orbit coupled metals [17], which are
characterized by two (spin-split) Fermi surfaces.
FL theory views the many-fermion system as a gas of
elementary excitations above the ground state, the quasi-
particles. Because translation symmetry is assumed, the
momentum p = (px, py) of the quasiparticles is well-
defined and a configuration of quasiparticles is specified
by a distribution function np. In a conventional FL, spin
is conserved and the distribution function is diagonal in
spin space npσ = 〈c†pσcpσ〉, where c†pσ (cpσ) is a creation
(annihilation) operator for a fermion with momentum p
and spin σ =↑, ↓, but in systems with spin-orbit coupling
such as the helical FL the distribution function is gen-
erally a matrix in spin space, nαβ
p
= 〈c†
pαcpβ〉 [17]. The
central quantity in FL theory is the energy δE of the
gas of interacting quasiparticles relative to the ground-
state energy, expressed as a functional of the deviation
δnαβ
p
≡ nαβ
p
−n(0)αβp of the distribution function from its
value in the ground state,
δE[δnp] =
∫
đp hαβ(p)δn
αβ
p
+ 12
∫
đp đp′ Vαβ;γδ(pˆ, pˆ′)δnαβp δn
γδ
p′
, (1)
where (working in units such that ~ = 1)
h(p) = vF zˆ · (σ × p), (2)
is the single-particle Dirac Hamiltonian of the topolog-
ical surface state [2] with vF the Fermi velocity [18],
Vαβ;γδ(pˆ, pˆ
′) is a reduced two-body interaction that de-
pends only on the unit vector pˆ ≡ p/|p| parameterizing
the Fermi surface, and we denote the integration mea-
sure by
∫
đp ≡ ∫ d2p(2pi)2 . The form of Eq. (1) can be
obtained from a generic, translationally invariant inter-
action Vαβ;γδ(k,k
′, q) by requiring that all fermionic mo-
menta lie on the Fermi surface [19].
Our first goal is to derive the most general form of
the two-body interaction Vαβ;γδ(pˆ, pˆ
′) consistent with the
general principles of quantum mechanics and the symme-
tries of the problem. This goal is most easily achieved by
expanding the two-body interaction as
Vαβ;γδ(pˆ, pˆ
′) =
3∑
µ,ν=0
∞∑
l,l′=−∞
V ll
′
µν e
i(lθp+l
′θ
p′
)σµαβσ
ν
γδ, (3)
where pˆ = (cos θp, sin θp), l, l
′ are angular momentum
quantum numbers, and the set of four 2 × 2 Hermitian
matrices σµ = (1,σ) where 1 denotes the identity matrix
allows us to construct the quasiparticle charge δρp and
spin δsi
p
densities (i = x, y, z),
δρp = σ
0
αβδn
αβ
p
= δαβδn
αβ
p
, δsi
p
= 12σ
i
αβδn
αβ
p
. (4)
Upon substituting Eq. (3) in Eq. (1), one obtains three
classes of terms: charge-charge interactions proportional
to V ll
′
00 , spin-spin interactions proportional to V
ll′
ij , and
spin-charge interactions proportional to V ll
′
0i = V
l′l
i0 .
Time-reversal symmetry implies that the angular mo-
menta l and l′ must differ by an even integer for charge-
charge and spin-spin interactions and by an odd integer
for spin-charge interactions [19].
The main difference between a conventional FL and a
spin-orbit coupled FL such as the helical FL lies in the
consequences of rotation symmetry. The single-particle
Hamiltonian (2) is neither invariant under a spatial ro-
tation nor under a spin rotation, but is invariant under
a simultaneous rotation of spatial and spin coordinates:
[Jz, h(p)] = 0, where Jz = −i ∂∂θp + 12σz is the total (or-
bital plus spin) angular momentum in the z direction.
Requiring that the interaction term in Eq. (1) be also
invariant under such rotations, we find that it can be
written as the sum of three terms δVcc, δVsc, and δVss,
where [19]
δVcc =
1
2
∞∑
l=0
∫
đp đp′ f ccl cos lθpp′δρpδρp′ , (5)
is the charge-charge interaction,
δVsc =
∞∑
l=0
∫
đp đp′
×
[
(f sc,1l cos lθpp′ + f
sc,2
l sin lθpp′)δρppˆ
′ · δsp′
+ (f sc,3l cos lθpp′ + f
sc,4
l sin lθpp′)δρppˆ
′ × δsp′
]
, (6)
is the spin-charge interaction, and
3δVss =
1
2
∞∑
l=0
∫
đp đp′
{
cos lθpp′
(
f ss,1l (δs
x
p
δsx
p′
+ δsy
p
δsy
p′
) + f ss,2l δs
z
p
δsz
p′
)
+ f ss,3l sin lθpp′δsp × δsp′
+ cos lθpp′
(
f ss,4l [(pˆ · δsp) (pˆ′ × δsp′) + (pˆ× δsp) (pˆ′ · δsp′)] + f ss,5l [(pˆ · δsp) (pˆ′ · δsp′)− (pˆ× δsp) (pˆ′ × δsp′)]
)}
,
(7)
is the spin-spin interaction. We denote by θpp′ ≡ θp′−θp
the relative angle between pˆ and pˆ′, and write a × b ≡
zˆ · (a× b) for the cross product of two in-plane vectors.
Equations (5)-(7), the first main result of this work,
represent the most general short-range two-body inter-
action in a helical FL consistent with translation, ro-
tation, and time-reversal symmetries. The interaction
is specified by ten real Landau parameters for each
value of the relative angular momentum l = 0, 1, 2, . . .:
one charge-charge parameter f ccl , four spin-charge pa-
rameters f sc,1l , . . . , f
sc,4
l , and five spin-spin parameters
f ss,1l , . . . , f
ss,5
l . This stands in contrast to the two Lan-
dau parameters f sl (spin symmetric) and f
a
l (spin anti-
symmetric) in a conventional FL [1], which would cor-
respond to f sl = f
cc
l and f
a
l =
1
4f
ss,1
l =
1
4f
ss,2
l in
the absence of spin-orbit coupling. In particular, spin-
orbit coupling allows for a nonzero spin-charge inter-
action (6) which would be forbidden by separate spa-
tial and spin rotation symmetries in a conventional FL.
The spin-spin interaction (7) also exhibits novel features:
f ss,1l 6= f ss,2l in general, which corresponds to an XXZ
interaction with Ising anisotropy rather than the conven-
tional SU(2)-symmetric Heisenberg interaction; f ss,3l is
a Dzyaloshinskii-Moriya interaction; and f ss,4l , f
ss,5
l are
anisotropic spin-spin interactions similar to those found
in compass models [20], but with a continuous rather
than discrete spin-orbit rotation symmetry.
While Eq. (5)-(7) in conjunction with Eq. (1) cor-
rectly describe the helical FL, in the spirit of FL the-
ory one can go one step further and only retain elec-
tron states on the Fermi surface. Because of the strong
spin-orbit coupling present in the Dirac Hamiltonian (2),
such electrons are annihilated by the operator ψp± =
1√
2
(ie−iθpcp↑ ± cp↓), where positive (+) helicity corre-
sponds to a positive Fermi energy ǫF > 0 above the Dirac
point, and negative (−) helicity corresponds to a nega-
tive Fermi energy ǫF < 0. Inverting this relation, one can
express the spin eigenoperators cpσ in terms of the helic-
ity eigenoperators ψp± as cp↑ = ie
−iθp√
2
(ψp+ + ψp−) and
cp↓ = 1√2 (ψp+ −ψp−). Choosing ǫF > 0 for definiteness,
the Fermi surface consists exclusively of electron states
of positive helicity, such that one may wish to drop the
negative helicity eigenoperators ψp− entirely from these
expressions for cp↑ and cp↓. Applying this procedure to
Eq. (1) yields a Landau functional for an effectively spin-
less FL theory,
δE¯[δn¯p] =
∫
đp ǫ0
p
δn¯p
+ 12
∞∑
l=0
∫
đp đp′f¯l cos lθpp′δn¯pδn¯p′ , (8)
where ǫ0
p
= vF |p| is the dispersion relation of positive he-
licity quasiparticles, δn¯p = n¯p−n¯(0)p with n¯p ≡ 〈ψ†p+ψp+〉
is the distribution function for these quasiparticles, and
f¯l are effectively spinless, projected Landau parameters
related to the ten unprojected Landau parameters previ-
ously discussed by
f¯l = f
cc
l − f sc,3l − 14f ss,5l
+ 18 (f
ss,1
l−1 − f ss,3l−1 + f ss,1l+1 + f ss,3l+1 ), (9)
for l = 0, 1, 2, . . ., with the definition f ss,1−1 = f
ss,3
−1 ≡ 0.
The quasiparticle charge and spin densities (4) are given
in terms of δn¯p by
δρp = δn¯p, δs
i
p
= 12ǫij pˆjδn¯p, i = x, y, δs
z
p
= 0, (10)
where the last two equalities express spin-momentum
locking in the xy plane. Equations (8)-(10), together
with the definitions of the unprojected Landau param-
eters in Eq. (5)-(7), are the second main result of this
work.
Before deriving the physical properties of the helical
FL from the projected Landau functional (8), we pause
to discuss a number of interesting features of the re-
lationship (9) between projected and unprojected Lan-
dau parameters. The unprojected Landau parameters
f sc,1l , f
sc,2
l , and f
ss,4
l do not enter the projected interac-
tion because spin and momentum are perpendicular on
the Fermi surface (pˆ · δsp = 0) due to spin-momentum
locking. The parameter f sc,4l does not enter either be-
cause it produces a projected interaction that is odd un-
der p ↔ p′, which is inconsistent with particle indis-
tinguishability. The last term on the right-hand side of
Eq. (9) shows that projection to the Fermi surface can
effectively raise or lower the angular momentum of the
unprojected interaction. For example, for l = 1 one has
f¯1 = f
cc
1 − f sc,31 − 14f ss,51
+ 18 (f
ss,1
0 − f ss,30 + f ss,12 + f ss,32 ), (11)
4that is, an isotropic, s-wave (l = 0) microscopic interac-
tion can produce an anisotropic, p-wave (l = 1) effective
interaction in the projected theory. This can be seen as
the particle-hole counterpart to the effective p-wave in-
teraction in the Bardeen-Cooper-Schrieffer (BCS) chan-
nel produced on the doped surface of a 3D topological
insulator by a microscopic s-wave BCS interaction [21].
As in standard FL theory, many physical properties of
the helical FL can be derived from the projected Landau
functional (8). The simplest property is Luttinger’s theo-
rem [22], i.e., the relation pF =
√
4πn between Fermi mo-
mentum pF and total density n of quasiparticles, which
is also equal to the total density of electrons (defining a
system with pF = 0 as the vacuum). That Luttinger’s
theorem holds in its original form despite the presence of
strong spin-orbit coupling is a consequence of the exis-
tence of a single helical Fermi surface, which is only possi-
ble on the surface of a 3D topological phase. Interactions
in topologically trivial spin-orbit coupled systems such
as the Rashba 2D electron gas can individually renor-
malize the Fermi momenta of the two spin-split Fermi
surfaces [16]. Other equililibrium properties of the heli-
cal FL can be calculated from the quasiparticle energy
ǫp, defined as the functional derivative of the Landau
functional with respect to the distribution function,
ǫp =
δE¯
δn¯p
= ǫ0
p
+
∞∑
l=0
∫
đp′f¯l cos lθpp′δn¯p′ . (12)
From Eq. (12) one can follow the standard FL ap-
proach [19] to derive the electronic specific heat coeffi-
cient γ ≡ cv/T and electronic compressibility κ of the
helical FL at zero temperature,
γ = 13π
2k2Bρ(ǫF ), κ =
ρ(ǫF )
n2
1
1 + F¯0
, (13)
where we define dimensionless Landau parameters F¯0 ≡
ρ(ǫF )f¯0 and F¯l ≡ 12ρ(ǫF )f¯l, l = 1, 2, 3, . . ., with ρ(ǫF ) =
ǫF /2πv
2
F the density of states of the helical FL at the
Fermi energy ǫF = vF pF . The compressibility becomes
negative for F¯0 < −1, signaling an instability towards
phase separation [23]. Unlike in a standard FL, here this
condition can be reached not only for attractive density-
density interactions, but also as a result of spin-charge or
even purely spin-spin interactions, given the relation (9)
between the projected and unprojected Landau parame-
ters.
The renormalized Fermi velocity vF differs in gen-
eral from the Fermi velocity of noninteracting electrons
v0F . This is similar in spirit to the renormalization of
the quasiparticle mass in a standard FL. The deriva-
tion of the latter relies on Galilean invariance, while in
the helical FL, Galilean invariance is broken by spin-
orbit coupling. However, adiabatic continuity still im-
plies that the total flux of quasiparticles is equal to the
total flux of electrons [1]. The latter is calculated from
the quantum-mechanical velocity operator for electrons
ve = v
0
F (zˆ × σ) which, for momentum-independent mi-
croscopic interactions [24], is the same as in the absence
of interactions [25]: it is a function of the noninteracting
Fermi velocity, rather than the renormalized one. The
total quasiparticle flux is a function of the quasiparticle
velocity vqp = ∇pǫp. Equating the two fluxes yields a
relation between the two Fermi velocities [19],
v0F
vF
= 1 + F¯1, (14)
which is the helical FL analog of the relation m
∗
m
=
1 + 13F
s
1 between renormalized m
∗ and noninteracting
m quasiparticle masses in a standard FL [1].
The spin susceptibility introduces some added sub-
tleties: unlike in a standard FL, it is not, strictly speak-
ing, a Fermi surface property. Indeed, it depends explic-
itly on a high-energy cutoff Λ already in the noninter-
acting limit [26, 27]. In a standard FL, one can always
choose the spin quantization axis to be parallel to the
applied magnetic field B, such that the quasiparticle en-
ergy shift δǫpσ =
1
2gµBBσ due to Zeeman coupling (g is
the g-factor, µB is the Bohr magneton) is diagonal in the
spin basis σ = ±1. The resulting change in occupation
numbers is localized to the Fermi surface in the zero-field
limit, causing the spin susceptibility to be a Fermi sur-
face property. In the helical FL, there is no freedom to
choose the spin quantization axis due to spin-momentum
locking, and the Zeeman coupling contains off-diagonal
terms in the helicity basis. The projected FL theory (8),
which projects out negative helicity states, cannot take
these off-diagonal terms into account and thus should not
be expected to yield exact results for the spin suscepti-
bility. Nevertheless, one can calculate the Fermi surface
contribution to the spin susceptibility using (8) and com-
pare it in the noninteracting limit to an exact calculation
that takes both helicities into account. The spin suscep-
tibility tensor χij is found to be diagonal, with in-plane
χxx = χyy and out-of-plane χzz components given by
χxx =
1
8g
2µ2Bρ(ǫF )
1
1 + F¯1
, χzz = 0, (15)
in the projected FL theory, and
χxx =
1
8g
2µ2Bρ(Λ), χzz =
1
4g
2µ2B[ρ(Λ)− ρ(ǫF )], (16)
for the noninteracting Dirac surface state, including both
helicities [19]. Thus in the noninteracting limit, Eq. (15)
and (16) agree in the formal limit of large Fermi en-
ergy ǫF → Λ. By contrast with the spin susceptibility
of the standard FL which is renormalized by the spin-
antisymmetric l = 0 Landau parameter F a0 , here it is
renormalized by a l = 1 Landau parameter due to spin-
momentum locking on the Fermi surface.
Pomeranchuk instabilities [28] are instabilities of the
Fermi surface towards spontaneous, static distortions of
5its shape. To study such instabilities in the helical FL,
one characterizes distortions of the Fermi surface by an
angle-dependent Fermi momentum, expanded in angular
momentum components,
pF (θ)− pF =
∞∑
l=−∞
Ale
ilθ, (17)
where A−l = A∗l because pF (θ) is real. Substituting this
expression into the Landau functional (8), one finds that
the energy δE¯ remains positive, and thus the helical FL
stable, if and only if [19]
F¯l > −1, (18)
for all l = 0, 1, 2, . . . This is the same as Pomeranchuk’s
original criterion in 2D, but applied this time to the pro-
jected Landau parameters, which are nontrivial functions
of the unprojected ones. It contains as special cases the
instability towards phase separation, already seen, as well
as an instability towards in-plane magnetic order [29] for
F¯1 → −1, that is signaled by divergences of the in-plane
spin susceptibility (15) and the renormalized Fermi veloc-
ity (14). The latter divergence also accompanies the l = 1
spin-symmetric Pomeranchuk instability of the standard
FL [30]. The l = 2 instability is towards quadrupolar dis-
tortions of the helical Fermi surface, characterized in the
projected FL theory by a nonzero value of the traceless,
symmetric nematic order parameter Q¯ij =
∫
đp Q¯ij(p)
where Q¯ij(p) = (2pˆipˆj − δij)δn¯p. This effectively spin-
less order parameter is identical to the one that describes
nematic order in a standard spin-degenerate FL [31]. In
the original unprojected theory however, this translates
into a nonzero value of Qij =
∫
đpQij(p) where
Qij(p) = pˆiδs
j
p
+ pˆjδs
i
p
− δij pˆ · δsp, (19)
is a quadrupolar order parameter involving both spatial
and spin degrees of freedom that was recently discussed
in the context of possible instabilities of surface Majorana
fermions in the topological superfluid 3He-B [32] and 3D
spin-orbit coupled metals [17, 33]. Thus the quadrupo-
lar distortion of a helical Fermi surface is necessarily ac-
companied by a time-reversal invariant form of magnetic
order similar in spirit to spin nematic order [34].
Nonequilibrium properties of the helical FL such as col-
lective modes can also be studied using the projected FL
theory, assuming that the relaxation-time approximation
is valid such that scattering between states of different
helicities can be neglected. In the hydrodynamic regime
ωτ ≪ 1 where τ is the quasiparticle collision time, the
helical FL supports ordinary sound waves (first sound)
with velocity [19]
c1 = vF
√
1
2 (1 + F¯0)(1 + F¯1), (20)
while in the collisionless regime ωτ ≫ 1 a zero sound
mode may exist under certain conditions [25]. If F¯0 > 0
only is nonzero, the zero sound velocity is given in the
limits of strong and weak interactions by [19]
c0 ≈ vF
√
1
2 F¯0, F¯0 →∞, (21)
c0 ≈ vF
(
1 + 12 F¯
2
0
)
, F¯0 → 0. (22)
We conclude by discussing prospects for the experi-
mental determination of the projected Landau parame-
ters F¯l. ARPES can determine pF which, via Luttinger’s
theorem, yields the density n. Using Eq. (13), F¯0 could
then be inferred from measurements of the heat capac-
ity and electronic compressibility of the surface states.
The latter can in principle be determined directly from
the ARPES data or via single electron transistor mi-
croscopy [35]. To determine F¯1, one could perform a
transient spin grating experiment [25] to generate a spin-
density wave with momentum q and transverse ampli-
tude sT
q
. Due to spin-momentum locking, this will in-
duce a density wave at the same momentum with am-
plitude nq. The existence of an undamped sound mode
at frequency ω = csq implies a relation between the two
amplitudes [19],
sT
q
nq
=
1
1 + F¯1
cs
vF
, (23)
where cs is either c1 or c0 depending on whether one
is in the hydrodynamic or collisionless regime. Using
Eq. (20)-(22) one can extract F¯1 from a measurement of
the amplitude ratio sT
q
/nq and previous knowledge of F¯0.
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This supplemental material provides a detailed derivation of the results presented in the main text. In Sec. SI, we
justify the form of the quasiparticle interaction term used in Eq. (1) of the main text. In Sec. SII and Sec. SIII, we
constrain the form of the interaction term by symmetries and derive Eq. (5)-(9) of the main text. In Sec. SIV, we use
the projected Landau functional to derive the equilibrium properties of the helical Fermi liquid, i.e., Eq. (13)-(15),
(18), and (19) of the main text. In Sec. SV we study the spin susceptibility of the noninteracting Dirac cone and
derive Eq. (16) of the main text. Finally, in Sec. SVI we study the collective modes (sound modes) of the helical
Fermi liquid and derive Eq. (20)-(23) of the main text.
SI. REDUCED TWO-BODY INTERACTION
In this section we derive the reduced two-body interaction [Eq. (1) in the main text] from a generic, translationally
invariant two-body interaction. In this supplemental material we use the language of second-quantized interaction
Hamiltonians, but the same reasoning applies to the interaction term in the Landau functional. A generic transla-
tionally invariant interaction is given by
V = 12
∫
d2p
(2π)2
∫
d2p′
(2π)2
∫
d2q
(2π)2
Vαβ;γδ(p,p
′, q)c†p+q,αcpβc
†
p′−q,γcp′δ. (S1)
In Fermi liquid theory, one considers the low-temperature limit where all fermionic momenta must lie on the Fermi
surface,1 which implies that there are only three possible interaction channels: forward scattering with q = 0, exchange
scattering with q = p′−p, and the Bardeen-Cooper-Schrieffer (BCS) channel with p′ = −p but q otherwise arbitrary.
Since we are not interested in pairing and superconductivity in the present work, we forget about the BCS channel.
Therefore at low energies we can simplify the interaction to include only forward and exchange scattering,
V ≈ 12
∫
d2p
(2π)2
∫
d2p′
(2π)2
(
Vαβ;γδ(p,p
′, 0)c†pαcpβc
†
p′γcp′δ + Vαβ;γδ(p,p
′,p′ − p)c†p′αcpβc†pγcp′δ
)
= 12
∫
d2p
(2π)2
∫
d2p′
(2π)2
(
Vαβ;γδ(p,p
′, 0)c†pαcpβc
†
p′γcp′δ − Vαβ;γδ(p,p′,p′ − p)c†pγcpβc†p′αcp′δ
)
, (S2)
where we have ignored one-body terms. One can show from Eq. (S1) that Fermi statistics implies
Vαβ;γδ(p,p
′, q) = −Vγβ;αδ(p,p′,p′ − p− q), (S3)
which upon setting q = 0 yields Vαβ;γδ(p,p
′, 0) = −Vγβ;αδ(p,p′,p′ − p), i.e., the forward scattering and exchange
scattering contributions are related. Substituting this into Eq. (S2), we find that the two contributions are in fact
equal and simply add,
V =
∫
d2p
(2π)2
∫
d2p′
(2π)2
Vαβ;γδ(p,p
′, 0)c†pαcpβc
†
p′γcp′δ ≡ 12
∫
d2p
(2π)2
∫
d2p′
(2π)2
Vαβ;γδ(p,p
′)c†pαcpβc
†
p′γcp′δ, (S4)
where the factor of two has been absorbed in a reduced interaction Vαβ;γδ(p,p
′) that only depends on two momenta
p and p′. Finally, since in Fermi liquid theory we focus on momenta near the Fermi surface, we can neglect the
dependence of Vαβ;γδ(p,p
′) on the magnitudes |p| and |p′|. One thus sets the interaction equal to its value on the
(circular) Fermi surface,
V ≈ 12
∫
d2p
(2π)2
∫
d2p′
(2π)2
Vαβ;γδ(pˆ, pˆ
′)c†pαcpβc
†
p′γcp′δ, (S5)
where Vαβ;γδ(pˆ, pˆ
′) ≡ Vαβ;γδ(pF pˆ, pF pˆ′) with pˆ, pˆ′ unit vectors in the direction of p,p′, and pF is the Fermi momentum.
Since the quasiparticle matrix distribution function nαβp has the same symmetry properties as the expectation value
〈c†pαcpβ〉, the form of the Landau functional (1) in the main text follows.
2SII. CONSTRAINING THE INTERACTION BY SYMMETRIES
This section explains how to work out the most generic form of Vαβ;γδ(pˆ, pˆ
′) consistent with the symmetries of the
problem.
Even before considering symmetries, particle indistinguishability (i.e., fermionic or bosonic statistics) gives us
Vγδ;αβ(pˆ
′, pˆ) = Vαβ;γδ(pˆ, pˆ
′), (S6)
and Hermiticity of V gives us
V ∗βα;δγ(pˆ, pˆ
′) = Vαβ;γδ(pˆ, pˆ
′). (S7)
For each pˆ, pˆ′, Vαβ;γδ(pˆ, pˆ
′) forms a 4× 4 matrix in spin indices. A natural basis on which we can expand this matrix
is given by the tensor product of two sets of Pauli matrices σµ = (1,σ), µ = 0, 1, 2, 3 where 1 denotes the 2×2 identity
matrix. We can write
Vαβ;γδ(pˆ, pˆ
′) =
∑
µν
Vµν(pˆ, pˆ
′)σµαβσ
ν
γδ, (S8)
such that in virtue of Eq. (S5), V00 corresponds to charge-charge interactions, VIJ to spin-spin interactions, and V0I , VI0
to spin-charge interactions. We will use uppercase indices I, J for all three components x, y, z of spin and lowercase
indices i, j for the in-plane components x, y. In this new basis, particle indistinguishability requires Vµν(pˆ, pˆ
′) =
Vνµ(pˆ
′, pˆ) and Hermiticity requires Vµν(pˆ, pˆ
′) = V ∗µν (pˆ, pˆ
′), i.e., the matrix Vµν is real. Since the charge density and
spin density are even and odd under time reversal, respectively, time-reversal symmetry requires
V00(−pˆ,−pˆ′) = V00(pˆ, pˆ′), VIJ (−pˆ,−pˆ′) = VIJ (pˆ, pˆ′), (S9)
for charge-charge and spin-spin interactions, and
V0I(−pˆ,−pˆ′) = −V0I(pˆ, pˆ′), VI0(−pˆ,−pˆ′) = −VI0(pˆ, pˆ′), (S10)
for spin-charge interactions. Note that V0I(pˆ, pˆ
′) = VI0(pˆ
′, pˆ) from particle indistinguishability.
The interaction Vµν(pˆ, pˆ
′) can be expanded in angular momentum components,
Vµν(pˆ, pˆ
′) =
∞∑
l,l′=−∞
V ll
′
µν e
i(lθp+l
′θp′ ), (S11)
where pˆ = (cos θp, sin θp). Particle indistinguishability implies V
ll′
µν = V
l′l
νµ and Hermiticity implies V
−l,−l′
µν = (V
ll′
µν )
∗.
For charge-charge and spin-spin interactions, time-reversal symmetry implies
V ll
′
00 = (−1)l+l
′
V ll
′
00 , V
ll′
IJ = (−1)l+l
′
V ll
′
IJ . (S12)
In other words, l+ l′ must be even for these coefficients to be nonzero, which is the same as saying that l and l′ must
have the same parity. Therefore l′ = l + 2m, m ∈ Z, and we can write
V ll
′
00 = V
l,l+2m
00 , V
ll′
IJ = V
l,l+2m
IJ , m ∈ Z. (S13)
For spin-charge interactions, time-reversal symmetry implies
V ll
′
0I = −(−1)l+l
′
V ll
′
0I , V
ll′
I0 = −(−1)l+l
′
V ll
′
I0 , (S14)
thus for these coefficients to be nonzero l + l′ must be odd, which is equivalent to saying that l and l′ must have
opposite parity. Therefore l′ = l + 2m+ 1, m ∈ Z, and we have
V ll
′
0I = V
l,l+2m+1
0I , V
ll′
I0 = V
l,l+2m+1
I0 , m ∈ Z. (S15)
We now turn to implementing SO(2) rotation symmetry, which is more subtle. From Eq. (S5) and (S8) we can
write
V = 12
∫
d2p
(2π)2
∫
d2p′
(2π)2
Vµν(pˆ, pˆ
′)nµ(p)nν(p′), (S16)
3where n0(p) = n(p) is the charge density and nI(p) = 2sI(p), I = x, y, z is (twice) the spin density. Using V0I(pˆ, pˆ
′) =
VI0(pˆ
′, pˆ) from particle indistinguishability, we have
V = Vcc + Vsc + Vss, (S17)
where
Vcc =
1
2
∫
d2p
(2π)2
∫
d2p′
(2π)2
V00(pˆ, pˆ
′)n(p)n(p′), (S18)
Vsc = 2
∫
d2p
(2π)2
∫
d2p′
(2π)2
V0I(pˆ, pˆ
′)n(p)sI(p′), (S19)
Vss = 2
∫
d2p
(2π)2
∫
d2p′
(2π)2
VIJ(pˆ, pˆ
′)sI(p)sJ (p′), (S20)
are the charge-charge, spin-charge, and spin-spin interactions, respectively. Using Eq. (S11) and the constraints from
time-reversal symmetry (S13) and (S15), we have
Vcc =
1
2
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m)θp′V l,l+2m00 n(p)n(p
′), (S21)
Vsc = 2
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m+1)θp′V l,l+2m+10I n(p)sI(p
′), (S22)
Vss = 2
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m)θp′V l,l+2mIJ sI(p)sJ(p
′). (S23)
To implement SO(2) symmetry, we note that the annihilation operator transforms as
R(ϕ)cpαR(ϕ)
−1 =
(
e−iϕσ3/2
)
αα′
cR−1ϕ p,α′ , (S24)
where R(ϕ) on the left-hand side is the rotation operator, and Rϕ on the right-hand side is the usual 2× 2 rotation
matrix
Rϕ =
(
cosϕ − sinϕ
sinϕ cosϕ
)
. (S25)
This implies that the charge and spin densities transform as
R(ϕ)n(p)R(ϕ)−1 = n(R−1ϕ p),
R(ϕ)si(p)R(ϕ)
−1 = Rijϕ sj(R
−1
ϕ p), for i, j = x, y,
R(ϕ)sz(p)R(ϕ)
−1 = sz(R−1ϕ p). (S26)
We require that R(ϕ)V R(ϕ)−1 = V . From Eq. (S26) it is clear that the charge-charge, spin-charge, and spin-spin
interaction terms in Eq. (S21), (S22), and (S23) will transform into themselves under SO(2) rotations, and we can
look at each term in turn.
S1. Charge-charge interaction
For the charge-charge interaction, requiring R(ϕ)VccR(ϕ)
−1 = Vcc implies
∑
lm
ei2(l+m)ϕ
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m)θp′V l,l+2m00 n(p)n(p
′)
=
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m)θp′V l,l+2m00 n(p)n(p
′), (S27)
4for arbitrary ϕ, which implies the constraint l = −m. We therefore obtain
Vcc =
1
2
∑
m
∫
d2p
(2π)2
∫
d2p′
(2π)2
eimθpp′V −m,m00 n(p)n(p
′), (S28)
where θpp′ ≡ θp′ − θp is the angle between p and p′. The charge-charge interaction matrix element V00(pˆ, pˆ′) can
only depend on this relative angle, i.e.,
V00(pˆ, pˆ
′) = V00(θpp′) =
∑
m
V −m,m
′
00 e
imθpp′ . (S29)
In fact, because of particle indistinguishability this matrix element is symmetric under pˆ↔ pˆ′ and therefore depends
only on the cosine of θpp′ ,
V00(θpp′) = V
00
00 + 2
∞∑
m=1
V −m,m00 cosmθpp′ . (S30)
Therefore the charge-charge interaction is
Vcc =
1
2
∫
d2p
(2π)2
∫
d2p′
(2π)2
(
V 0000 + 2
∞∑
m=1
V −m,m00 cosmθpp′
)
n(p)n(p′), (S31)
where the V −m,m00 , m = 0, 1, 2, . . . are real coefficients.
S2. Spin-charge interaction
For the spin-charge interaction, it is convenient to first separate the x, y components of spin from the z component,
as they have different transformation properties under rotations,
Vsc = 2
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m+1)θp′
(
V l,l+2m+10i n(p)si(p
′) + V l,l+2m+10z n(p)sz(p
′)
)
. (S32)
Requiring R(ϕ)VscR(ϕ)
−1 = Vsc implies
∑
lm
ei[2(l+m)+1]ϕ
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m+1)θp′
(
V l,l+2m+10i R
ij
ϕ n(p)sj(p
′) + V l,l+2m+10z n(p)sz(p
′)
)
=
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m+1)θp′
(
V l,l+2m+10i n(p)si(p
′) + V l,l+2m+10z n(p)sz(p
′)
)
. (S33)
For the 0z component of the interaction, this implies V l,l+2m+10z = e
i[2(l+m)+1]ϕV l,l+2m+10z for arbitrary ϕ, which would
require 2(l+m)+1 = 0. This is impossible since l,m are integers, hence V l,l+2m+10z = 0. For the 0x and 0y components,
we have
ei[2(l+m)+1]ϕV l,l+2m+10i R
ij
ϕ = V
l,l+2m+1
0j , (S34)
which is equivalent to
Rijϕ V
l,l+2m+1
0j = e
i[2(l+m)+1]ϕV l,l+2m+10i . (S35)
In other words, V l,l+2m+10i must be an eigenvector of the rotation matrix Rϕ with eigenvalue e
i[2(l+m)+1]ϕ. The
eigenvalues and eigenvectors of the rotation matrix (S25) are given by
e±iϕ,
1√
2
( ±i
1
)
, (S36)
5respectively. For the eigenvalue eiϕ, this implies that 2(l+m) + 1 = 1 which is satisfied by l = −m. The form of the
corresponding eigenvector implies that
V −m,m+10y = −iV −m,m+10x . (S37)
For the eigenvalue e−iϕ, this implies that 2(l + m) + 1 = −1 which is satisfied by l = −m − 1. The form of the
corresponding eigenvector implies that
V −m−1,m0y = iV
−m−1,m
0x . (S38)
Considering these two possible values of l, the spin-charge interaction becomes
Vsc = 2
∑
m
∫
d2p
(2π)2
∫
d2p′
(2π)2
eimθpp′
[
V −m,m+10x n(p)e
iθp′ s−(p′) + V
−m,m−1
0x n(p)e
−iθp′ s+(p′)
]
= 2
∑
m
∫
d2p
(2π)2
∫
d2p′
(2π)2
eimθpp′V −m,m+10x n(p)e
iθp′ s−(p′) + H.c. (S39)
Unlike in a standard Fermi liquid, here there exists a time-reversal and rotationally invariant spin-charge interaction.
S3. Spin-spin interaction
Defining a 3D rotation matrix
Rϕ ≡
(
Rϕ 0
0 1
)
, (S40)
and denoting the 3 × 3 spin-spin interaction matrix V l,l+2mIJ by V l,l+2m and the 3-component spin vector sI(p) by
s(p), we can write the spin-spin interaction term (S23) as
Vss = 2
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m)θp′s(p)TV l,l+2ms(p′). (S41)
By virtue of Eq. (S26), s(p) transforms under rotations as
R(ϕ)s(p)R(ϕ)−1 = Rϕs(R−1ϕ p). (S42)
Therefore, requiring R(ϕ)VssR(ϕ)
−1 = Vss implies∑
lm
ei2(l+m)ϕ
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m)θp′s(p)TR−1ϕ V l,l+2mRϕs(p′)
=
∑
lm
∫
d2p
(2π)2
∫
d2p′
(2π)2
eilθp+i(l+2m)θp′s(p)TV l,l+2ms(p′). (S43)
This implies ei2(l+m)ϕR−1ϕ V l,l+2mRϕ = V l,l+2m, or equivalently
RϕV l,l+2mR−1ϕ = ei2(l+m)ϕV l,l+2m, (S44)
for arbitrary ϕ. Separating the 3× 3 matrix into in-plane (x, y) and z components,
V l,l+2m =
(
V
l,l+2m
‖ V
l,l+2m
‖,z
V
l,l+2m
z,‖ V
l,l+2m
zz
)
, (S45)
where V l,l+2m‖ is a 2× 2 matrix, V l,l+2m‖,z is a 2× 1 column vector, and V l,l+2mz,‖ is a 1× 2 row vector, condition (S44)
translates into the four conditions
RϕV
l,l+2m
‖ R
−1
ϕ = e
i2(l+m)ϕV
l,l+2m
‖ , (S46)
RϕV
l,l+2m
‖,z = e
i2(l+m)ϕV
l,l+2m
‖,z , (S47)
V
l,l+2m
z,‖ R
−1
ϕ = e
i2(l+m)ϕV
l,l+2m
z,‖ , (S48)
V l,l+2mzz = e
i2(l+m)ϕV l,l+2mzz . (S49)
6Beginning with the simplest condition, Eq. (S49) requires that l = −m, hence the zz part of the spin-spin interaction
becomes
2
∑
m
∫
d2p
(2π)2
∫
d2p′
(2π)2
eimθpp′V −m,mzz sz(p)sz(p
′). (S50)
Similar to Eq. (S35), Eq. (S47) requires that V l,l+2m‖,z be an eigenvector of the 2D rotation matrix Rϕ with eigenvalue
ei2(l+m)ϕ. As seen before, the eigenvalues of Rϕ are e
±iϕ. Since l,m are integers, condition (S47) can only be satisfied
if V l,l+2m‖,z = 0, thus V
l,l+2m
xz = V
l,l+2m
yz = 0. Likewise, Eq. (S48) is equivalent to the eigenvalue condition
Rϕ(V
l,l+2m
z,‖ )
T = ei2(l+m)ϕ(V l,l+2mz,‖ )
T , (S51)
which can only be satisfied if (V l,l+2mz,‖ )
T = 0, thus V l,l+2mzx = V
l,l+2m
zy = 0.
Finally, Eq. (S46) can also be converted to an eigenvalue condition by expanding the 2× 2 matrix V l,l+2m‖ on the
basis of Pauli matrices plus the identity matrix,
V
l,l+2m
‖ = V˜
l,l+2m
α σ
α, (S52)
with α = 0, 1, 2, 3. The rotation matrix Rϕ can be written as Rϕ = σ
0 cosϕ − iσ2 sinϕ, which gives the following
transformation properties for the Pauli matrices,
Rϕσ
αR−1ϕ = σ
α
(
cos2 ϕ+ (−1)α sin2 ϕ)− 2(1− δα0)ǫα2βσβ sinϕ cosϕ. (S53)
Using this property, Eq. (S46) is equivalent to the following condition,
V˜ l,l+2m0 σ
0 +
(
V˜ l,l+2m1 cos 2ϕ+ V˜
l,l+2m
3 sin 2ϕ
)
σ1 + V˜ l,l+2m2 σ
2 +
(
V˜ l,l+2m3 cos 2ϕ− V˜ l,l+2m1 sin 2ϕ
)
σ3
= ei2(l+m)ϕ
(
V˜ l,l+2m0 σ
0 + V˜ l,l+2m1 σ
1 + V˜ l,l+2m2 σ
2 + V˜ l,l+2m3 σ
3
)
. (S54)
The σ0 and σ2 terms give the conditions
V˜ l,l+2m0 = V˜
−m,m
0 δl+m,0, V˜
l,l+2m
2 = V˜
−m,m
2 δl+m,0, (S55)
while the σ1 and σ3 terms give the condition
R2ϕ
(
V˜ l,l+2m3
V˜ l,l+2m1
)
= ei2(l+m)ϕ
(
V˜ l,l+2m3
V˜ l,l+2m1
)
. (S56)
This is again an eigenvalue condition, but this time for the rotation matrix with angle 2ϕ which has eigenvalues e±i2ϕ.
This implies that l+m = ±1, or l = −m±1. The eigenvectors, however, are the same as in Eq. (S36). For l = −m+1,
we have
V˜ −m+1,m+13 = iV˜
−m+1,m+1
1 , (S57)
while for l = −m− 1, we have
V˜ −m−1,m−13 = −iV˜ −m−1,m−11 . (S58)
The complete spin-spin interaction is therefore given by
Vss = 2
∑
m
∫
d2p
(2π)2
∫
d2p′
(2π)2
(∑
l
eilθp+i(l+2m)θp′ V˜ l,l+2mα σ
α
ijsi(p)sj(p
′) + eimθpp′V −m,mzz sz(p)sz(p
′)
)
, (S59)
which, upon substituting Eq. (S55), (S57), and (S58), yields
Vss = 2
∑
m
∫
d2p
(2π)2
∫
d2p′
(2π)2
eimθpp′
[
V˜ −m,m0 (sxs
′
x + sys
′
y) + V
−m,m
zz szs
′
z − iV˜ −m,m2 (sxs′y − sys′x)
+ iV˜ −m+1,m+11
(
eiθps−
) (
eiθp′ s′−
)− iV˜ −m−1,m−11 (e−iθps+) (e−iθp′ s′+)], (S60)
where we denote sI ≡ sI(p) and s′I ≡ sI(p′). The first two terms correspond to an XXZ interaction, the third term to
a Dzyaloshinskii-Moriya interaction which reflects the presence of spin-orbit coupling in the system, and the last two
terms to anisotropic spin-spin interactions similar to those found in compass models,2 but with a continuous rather
than discrete symmetry. These terms are not invariant under separate spatial and spin rotations, but only under a
simultaneous rotation in spin space and real space.
7SIII. LANDAU PARAMETERS
Landau parameters are the real coefficients of Hermitian interaction terms. The charge-charge interaction (S31) is
already in this form, but we wish to write the spin-charge interaction (S39) and the spin-spin interaction (S60) in this
form as well. We first consider the spin-charge interaction. Splitting V −m,m+10x into real and imaginary parts,
V −m,m+10x = V˜
′
m + iV˜
′′
m, (S61)
Vsc can be written as
Vsc = 4
∫
d2p
(2π)2
∫
d2p′
(2π)2
{[
V˜ ′0 +
∞∑
m=1
(
(V˜ ′m + V˜
′
−m) cosmθpp′ − (V˜ ′′m − V˜ ′′−m) sinmθpp′
)]
n(p)pˆ′ · s′
+
[
V˜ ′′0 +
∞∑
m=1
(
(V˜ ′′m + V˜
′′
−m) cosmθpp′ + (V˜
′
m − V˜ ′−m) sinmθpp′
)]
n(p)pˆ′ × s′
}
, (S62)
where we have used the fact that e±iθp = pˆx ± ipˆy, and we denote zˆ · (a× b) ≡ a× b for simplicity. For the spin-spin
interaction, particle indistinguishability implies that V˜ −m,m0 , V
−m,m
zz , and V˜
−m,m
2 are real, while (V˜
−m+1,m+1
1 )
∗ =
V˜ −m−1,m−11 . Splitting V˜
−m+1,m+1
1 into real and imaginary parts,
V˜ −m+1,m+11 = (V˜
m
1 )
′ + i(V˜ m1 )
′′, (S63)
the spin-spin interaction can be written as
Vss = 2
∫
d2p
(2π)2
∫
d2p′
(2π)2
[(
V˜ 000 + 2
∞∑
m=1
V˜ −m,m0 cosmθpp′
)
s · s′ +
(
V 00zz + 2
∞∑
m=1
V −m,mzz cosmθpp′
)
szs
′
z
+ 2
∞∑
m=1
V˜ −m,m2 sinmθpp′s× s′
+ 2
(
(V˜ 01 )
′ + 2
∞∑
m=1
(V˜ m1 )
′ cosmθpp′
)(
(pˆ · s)(pˆ′ × s′) + (pˆ× s)(pˆ′ · s′))
− 2
(
(V˜ 01 )
′′ + 2
∞∑
m=1
(V˜ m1 )
′′ cosmθpp′
)(
(pˆ · s)(pˆ′ · s′)− (pˆ× s)(pˆ′ × s′))
]
. (S64)
Considering the full interaction term V = Vcc+Vsc+Vss, for each m there are ten independent real coefficients, hence
ten Landau parameters. We define one charge-charge Landau parameter f ccm ,
f ccm =
{
V 0000 , m = 0
2V −m,m00 , m = 1, 2, 3, . . .
(S65)
four spin-charge Landau parameters f sc,1m , . . . , f
sc,4
m ,
f sc,1m =
{
4V˜ ′0 , m = 0
4(V˜ ′m + V˜
′
−m), m = 1, 2, 3, . . .
(S66)
f sc,2m =
{
0, m = 0
−4(V˜ ′′m − V˜ ′′−m), m = 1, 2, 3, . . .
(S67)
f sc,3m =
{
4V˜ ′′0 , m = 0
4(V˜ ′′m + V˜
′′
−m), m = 1, 2, 3, . . .
(S68)
f sc,4m =
{
0, m = 0
4(V˜ ′m − V˜ ′−m), m = 1, 2, 3, . . .
(S69)
8and five spin-spin Landau parameters f ss,1m , . . . , f
ss,5
m ,
f ss,1m =
{
4V˜ 000 , m = 0
8V˜ −m,m0 , m = 1, 2, 3, . . .
(S70)
f ss,2m =
{
4V 00zz , m = 0
8V −m,mzz , m = 1, 2, 3, . . .
(S71)
f ss,3m =
{
0, m = 0
8V˜ −m,m2 , m = 1, 2, 3, . . .
(S72)
f ss,4m =
{
8(V˜ 01 )
′, m = 0
16(V˜m1 )
′, m = 1, 2, 3, . . .
(S73)
f ss,5m =
{ −8(V˜ 01 )′′, m = 0
−16(V˜m1 )′′, m = 1, 2, 3, . . .
(S74)
In terms of these Landau parameters, the interaction terms can be written as
Vcc =
1
2
∞∑
m=0
∫
d2p
(2π)2
∫
d2p′
(2π)2
f ccm cosmθpp′n(p)n(p
′), (S75)
for the charge-charge interaction,
Vsc =
∞∑
m=0
∫
d2p
(2π)2
∫
d2p′
(2π)2
[ (
f sc,1m cosmθpp′ + f
sc,2
m sinmθpp′
)
n(p)pˆ′ · s(p′)
+
(
f sc,3m cosmθpp′ + f
sc,4
m sinmθpp′
)
n(p)pˆ′ × s(p′)
]
, (S76)
for the spin-charge interaction, and
Vss =
1
2
∞∑
m=0
∫
d2p
(2π)2
∫
d2p′
(2π)2
{
f ss,1m cosmθpp′s(p) · s(p′) + f ss,2m cosmθpp′sz(p)sz(p′) + f ss,3m sinmθpp′s(p)× s(p′)
+ f ss,4m cosmθpp′
[
(pˆ · s(p)) (pˆ′ × s(p′))+ (pˆ× s(p)) (pˆ′ · s(p′))]
+ f ss,5m cosmθpp′
[
(pˆ · s(p)) (pˆ′ · s(p′))− (pˆ× s(p)) (pˆ′ × s(p′))]}, (S77)
for the spin-spin interaction. Interpreted as quasiparticle interaction terms in a Landau functional, Eq. (S75)-(S77)
correspond to Eq. (5)-(7) of the main text.
S1. Projected Landau parameters
In this section we explain how to derive the projected Landau functional [Eq. (8) of the main text] from the
unprojected theory we have just described. The starting point is to drop the negative helicity part in the expressions
for the fermion operators,
cp↑ =
ie−iθp√
2
(ψp+ + ψp−) ≈ ie
−iθp
√
2
ψp+, (S78)
cp↓ =
1√
2
(ψp+ − ψp−) ≈ 1√
2
ψp+, (S79)
which can be expressed as cpσ ≈ ηpˆσψp where the c-number spinor ηpˆ = 1√2 (ie−iθp , 1) obeys η
†
pˆ
η
pˆ
= 1, and we define
the effectively spinless fermion operator ψp ≡ ψp+. One then substitutes this expression for cpσ into the interaction
Hamiltonian (S5). This produces a projected interaction Hamiltonian V¯ ,
V¯ = 12
∫
d2p
(2π)2
∫
d2p′
(2π)2
V¯ (pˆ, pˆ′)ψ†pψpψ
†
p′ψp′ , (S80)
9where the projected matrix element V¯ (pˆ, pˆ′) is given in terms of the unprojected ones by
V¯ (pˆ, pˆ′) ≡ Vαγ;βδ(pˆ, pˆ′)η∗pˆαηpˆβη∗pˆ′γηpˆ′δ =
∑
µν
Vµν(pˆ, pˆ
′)(η†
pˆ
σµη
pˆ
)(η†
pˆ′
σνη
pˆ′
), (S81)
where we used Eq. (S8). The quantity η†
pˆ
σµη
pˆ
can be thought of as the expectation value of σµ in the single-particle
eigenstate at pˆ on the Fermi surface. We have η†
pˆ
σ0η
pˆ
= 1 which corresponds to a particle number of one, η†
pˆ
σ3η
pˆ
= 0
which indicates that spin polarization on the Fermi surface is entirely in-plane, and η†pˆσ
iηpˆ = ǫij pˆj , i, j = 1, 2, which
indicates that spin is perpendicular to momentum everywhere on the Fermi surface, i.e., spin-momentum locking.
Using the fact that V0i(pˆ, pˆ
′) = Vi0(pˆ
′, pˆ), and the fact that the interaction (S80) must be symmetric under pˆ↔ pˆ′,
we have
V¯ (pˆ, pˆ′) = V00(pˆ, pˆ
′) + 2V0i(pˆ, pˆ
′)ǫij pˆ′j + Vij(pˆ, pˆ
′)ǫikǫjlpˆkpˆ′l. (S82)
The Vzz component of the spin-spin interaction does not enter since spins on the Fermi surface are entirely in-plane.
We can now read off V00(pˆ, pˆ
′), V0i(pˆ, pˆ
′), and Vij(pˆ, pˆ
′) from the interaction terms (S75), (S76), and (S77), and their
original definitions (S18), (S19), and (S20), respectively. We find
V00(pˆ, pˆ
′) =
∞∑
m=0
f ccm cosmθpp′ , (S83)
V0i(pˆ, pˆ
′) =
1
2
∞∑
m=0
[(
f sc,1m cosmθpp′ + f
sc,2
m sinmθpp′
)
pˆ′i +
(
f sc,3m cosmθpp′ + f
sc,4
m sinmθpp′
)
ǫjipˆ
′
j
]
, (S84)
Vij(pˆ, pˆ
′) =
1
4
∞∑
m=0
[
f ss,1m cosmθpp′δij + f
ss,3
m sinmθpp′ǫij
+ f ss,4m cosmθpp′
(
ǫkj pˆipˆ
′
k + ǫkipˆkpˆ
′
j
)
+ f ss,5m cosmθpp′
(
pˆipˆ
′
j − ǫkiǫlj pˆkpˆ′l
)]
. (S85)
Substituting these expressions into Eq. (S82), we find
V¯ (pˆ, pˆ′) =
∞∑
l=0
f¯l cos lθpp′ , (S86)
where the projected Landau parameters f¯l are given by Eq. (9) in the main text.
SIV. EQUILIBRIUM PROPERTIES OF HELICAL FERMI LIQUIDS
This section presents a detailed derivation of the physical properties of helical Fermi liquids from the projected
Landau functional [Eq. (8) of the main text]. Rather than as the coefficients of terms in a second-quantized interaction
Hamiltonian operator, we would really like to think of f¯l as the coefficients in this functional,
δE¯[δn¯p] =
∫
d2p
(2π)2
(ǫ0p − µ)δn¯p +
1
2
∞∑
l=0
∫
d2p
(2π)2
∫
d2p′
(2π)2
f¯l cos lθpp′δn¯pδn¯p′ , (S87)
where ǫ0p = vF p and we have explicitly added a chemical potential term µ. The (renormalized) quasiparticle energy ǫp
is given by the functional derivative of the Landau functional with respect to the quasiparticle distribution function,
ǫp =
δE¯
δn¯p
= ǫ0p +
∞∑
l=0
∫
d2p
(2π)2
f¯l cos lθpp′δn¯p′ . (S88)
It is important to note that vF is the renormalized Fermi velocity and not the bare (noninteracting) one, which is
denoted by v0F .
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S1. Specific heat
We first investigate the specific heat. The derivation we use closely follows the standard derivation for the specific
heat in standard Fermi liquids.1 The entropy density, s, is given by
s = −kB
∫
d2p
(2π)2
(
n¯p ln(n¯p)− (1 − n¯p) ln(1− n¯p)
)
, (S89)
where kB is Boltzmann’s constant. The variation is the entropy density is given by
δs = −kB
∫
d2p
(2π)2
δn¯p ln
(
n¯p
1− n¯p
)
= − 1
T
∫
d2p
(2π)2
δn¯p(ǫp − µ), (S90)
where T is the temperature. The variation in particle density can be written as
δn¯p =
∂n¯p
∂ǫp
(
− ǫp − δµ
T
δT + δǫp − µ
)
. (S91)
To lowest order in T , we have
δs = − 1
T 2
∫
d2p
(2π)2
∂n¯p
∂ǫp
(ǫp − µ)2δT = −k2Bg(µ)
∫ ∞
−∞
dǫ
(
ǫ− µ
kBT
)2
∂n¯
∂ǫ
=
π2
3
ρ(µ)k2BT, (S92)
where ρ(µ) is the density of states at the Fermi surface which is given by
ρ(ǫ) =
∫
d2p
(2π)2
δ(ǫ− ǫp). (S93)
For the noninteracting case we have ρ(µ) = µ/2πv2F . The specific heat is then
cv =
π2
3
ρ(µ)k2BT. (S94)
One then defines the electronic specific heat coefficient γ as the zero-temperature limit of cv/T ,
γ =
1
3
π2k2Bρ(ǫF ). (S95)
S2. Compressibility
We now turn to the electronic compressibility. Again, this derivation closely follows that for standard Fermi liquids.
The compressibility κ at zero temperature is defined as
κ =
1
n2
∂n
∂µ
, (S96)
where n is the density of electrons, given by n =
∫
d2p
(2π)2 ρp where ρp =
∑
σ〈c†pσcpσ〉. Projecting the field operators
to the Fermi surface, we obtain ρp = n¯p as expected, thus δρp = δn¯p. At zero temperature, the density variation
[Eq. (S91)] is
δn¯p =
∂n¯p
∂ǫp
(δǫp − δµ). (S97)
The quantity
∂n¯p
∂ǫp
vanishes everywhere except at the Fermi surface and the variation of µ produces a variation of δn¯p
that is isotropic. Integrating Eq. (S97) over momentum, we find
δn¯ =
∫
d2p
(2π)2
δn¯p =
∫
d2p
(2π)2
∂n¯p
∂ǫp
(δǫp − δµ) =
∫
d2p
(2π)2
∂n¯p
∂ǫp
( ∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′δn¯p′ − δµ
)
. (S98)
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For the last step, we used Eq. (S88) for δǫp. After integration over p
′, only the l = 0 contribution remains and we
have ∫
d2p
(2π)2
∂n¯p
∂ǫp
( ∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′δn¯p′ − δµ
)
=
∫
d2p
(2π)2
∂n¯p
∂ǫp
(f¯0δn¯− δµ). (S99)
Defining dimensionless projected Landau parameters F¯l as
F¯l ≡ ρ(ǫF )f¯l
∫ 2π
0
dθ
2π
cos2 lθ =
{
ρ(ǫF )f¯0, l = 0,
1
2ρ(ǫF )f¯l, l = 1, 2, 3, . . .
, (S100)
we arrive at
κ =
ρ(ǫF )
n2
1
1 + F¯0
. (S101)
S3. Spin susceptibility
We now investigate the spin susceptibility of a helical Fermi liquid. As mentioned in the main text, contrary to
a standard Fermi liquid here the spin susceptibility is not strictly speaking a Fermi surface property. Therefore the
present projected Fermi liquid theory can only correctly describe the spin susceptibility of the helical Fermi liquid in
a certain limit to be seen below.
The total spin density of the helical Fermi liquid is s =
∫
d2p
(2π)2 sp where
sp =
1
2
〈c†pσcp〉. (S102)
Projecting the fermion operators to the Fermi surface, we obtain
sip =
1
2
ǫij pˆjn¯p, i = 1, 2, (S103)
szp = 0. (S104)
Therefore, we have δsip =
1
2ǫij pˆjδn¯p and δs
z
p = 0. As a result, our projected Fermi liquid theory will predict a zero
out-of-plane susceptibility χzz = 0. For the in-plane susceptibility, consider applying an in-plane Zeeman term,
δH = −
∫
d2p
(2π)2
gµBB · 1
2
c†pσcp, (S105)
where µB is the Bohr magneton and g is the g-factor of the helical Fermi liquid. Ignoring constant terms, this leads
to a change in the energy,
δE¯ = 〈δH〉 = −
∫
d2p
(2π)2
gµBB · δsp =
∫
d2p
(2π)2
δǫp(B)δn¯p, (S106)
where the change in quasiparticle energy is
δǫp(B) = ǫp(B)− ǫp = −1
2
gµBB × pˆ. (S107)
The variation of δn¯p is given by
δn¯p =
∂n¯p
∂ǫp
(δǫp − δµ), (S108)
where
δǫp = −1
2
gµBBiǫij pˆj +
∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′δn¯p′ . (S109)
12
Since the chemical potential µ is a scalar and does not depend on the direction of the magnetic field, its variation can
be ignored when calculating the linear susceptibility. We now introduce a renormalized g-factor gi(p) that depends
on quasiparticle momentum
δǫp = −1
2
gi(p)µBBi = −1
2
gµBBiǫij pˆj +
∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′δn¯p′ . (S110)
Inserting Eq. (S108) into Eq. (S110), we find an integral equation for gi(p),
gi(p)
g
= ǫij pˆj +
∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′
∂n¯p′
∂ǫp′
gi(p
′)
g
. (S111)
We note that integral equations also appear for a partially spin-polarized Fermi liquid.3 The spin susceptibility is then
χii = lim
B→0
gµB
B
∫
d2p
(2π)2
δsip =
g2µ2B
4
∫
d2p
(2π)2
ǫij pˆj
∂n¯p
∂ǫp
(
ǫik pˆk +
∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′
∂n¯p′
∂ǫp′
gi(p
′)
)
. (S112)
To make some progess in the interacting case, we assume a solution of the form
g(p)i = geffǫikpˆk. (S113)
Only the l = 1 term will survive. The l = 1 cosine term can be written as cos θpp′ = pˆxpˆ
′
x + pˆy pˆ
′
y. After evaluating
the angular integral in Eq. (S111), we find
geff =
g
1 + F¯1
. (S114)
Turning to the spin susceptibility given by Eq. (S112), we find
χii =
g2µ2B
4(1 + F¯1)
∫
d2p
(2π)2
ǫij pˆj
∂n¯p
∂ǫp
(ǫikpˆk) =
1
8
g2µ2Bρ(ǫF )
1
1 + F¯1
, (S115)
at zero temperature. We also find that χij vanishes for i 6= j, which can be explicity seen from Eq. (S112). This can
be compared to the spin susceptibility of the noninteracting helical Fermi gas, which is derived using both helicities
in Sec. SV.
S4. Pomeranchuk instabilities
In this section we investigate the stability of the Fermi surface. The distortion of the Fermi surface can be charac-
terized by an angular dependent Fermi wavevector,4
pF (θ)− pF =
∞∑
l=−∞
Ale
ilθ. (S116)
The change in energy is then
δE¯[δn¯p] =
ǫF
2π
∞∑
l=0
(1 + F¯l)|Al|2, (S117)
Here we have used that fact A∗l = A−l since pF (θ) is real. The Fermi surface is stable against spontaneous distortions
only if δE¯ > 0, i.e., if F¯l > −1 for all l. Let us discuss briefly the special case of the l = 2 Pomeranchuk instability,
which corresponds to a nematic instability.5 The l = 2 projected interaction is of the form
δE¯ =
f¯2
2
∫
d2p
(2π)2
∫
d2p′
(2π)2
cos 2θpp′δn¯pδn¯p′ =
f¯2
4
∫
d2p
(2π)2
∫
d2p′
(2π)2
Tr Q¯(p)Q¯(p′), (S118)
where
Q¯ij(p) = (2pˆipˆj − δij)δn¯p, (S119)
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from which we can construct a traceless, symmetric 2D nematic order parameter5 Q¯ij =
∫
d2p
(2π)2 Q¯ij(p). Interestingly,
Eq. (9) in the main text shows that this type of interaction can be obtained from p-wave unprojected spin-spin
interactions, i.e., the unprojected Landau parameters f ss,11 and f
ss,3
1 . In fact, as mentioned in the main text [see
Eq. (19)] one can construct a 2D nematic order parameter in terms of the unprojected spin degrees of freedom,
Qij(p) = pˆis
j
p + pˆjδs
i
p − δij pˆ · δsp. (S120)
This type of nematic order parameter was first considered in Ref. 6 as a possible instability of 2D Majorana fermions,
and its 3D analog was considered in Ref. 7 in the context of spin-orbit coupled 3D metals. One can then show that
1
2
∫
d2p
(2π)2
∫
d2p′
(2π)2
TrQ(p)Q(p′) =
∫
d2p
(2π)2
∫
d2p′
(2π)2
(cos θpp′δsp · δsp′ − sin θpp′δsp × δsp′) , (S121)
which, comparing with Eq. (S77), corresponds to a spin-spin interaction with f ss,11 = −f ss,31 6= 0. Because of Eq. (9)
in the main text, this corresponds indeed to a nonzero contribution to f¯2. In fact, if we project Qij(p) to the Fermi
surface in the sense of replacing δsip by its expectation value on the Fermi surface 〈δsip〉 = 12ǫij pˆj, we obtain
〈Qij(p)〉 = 1
2
(
2pˆxpˆy pˆ
2
y − pˆ2x
pˆ2y − pˆ2x −2pˆxpˆy
)
, (S122)
which is essentially equivalent to Eq. (S119) except for a rotation by π/4 about the z axis: by rotating pˆ → Rπ/4pˆ,
we have 〈Qij(p)〉 → 12 (2pˆipˆj − δij).
S5. Renormalized velocity
In this section we consider the renormalization of the Fermi velocity. We begin by considering a microscopic
Hamiltonian in first quantization,
H = v0F zˆ · (σ × p) +Hint, (S123)
where the electron-electron interaction Hint is assumed to not depend on momentum. The renormalization of the
Fermi velocity is similar, in spirit, to the renormalization of the quasiparticle mass in normal Fermi liquids. The
derivation, however, is quite different because spin-orbit coupling breaks Galilean invariance. Following Ref. 8, we use
the fact that the total flux of quasiparticles is equal to the total flux of particles. To find the velocity operator of the
particles, we use the commutation relation
ve = − i
~
[x, H ] = v0F (zˆ × σ). (S124)
Because the interaction is momentum-independent, we have [x, Hint] = 0 and the velocity operator is the same as in
the absence of interactions. By equating the total flux of particles and quasiparticles we find∫
d2p
(2π)2
v0F (zˆ × 〈ψ†pσψp〉) =
∫
d2p
(2π)2
n¯p∇pǫp. (S125)
After projecting the fermion operators to the Fermi surface and varying both sides of Eq. (S125), we find∫
d2p
(2π)2
v0F pˆδn¯p =
∫
d2p
(2π)2
(∇pǫ0p)δn¯p −
∞∑
l=0
∫
d2p
(2π)2
∫
d2p′
(2π)2
f¯l cos lθpp′(∇pn¯0p)δn¯p. (S126)
After relabeling p→ p′ and equating the integrands, since the variation of n¯p is arbitrary, we find
v0F pˆ = ∇pǫ0p −
∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′∇p′ n¯0p′ = vF
(
pˆ+
∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′δ(vF p− µ)pˆ′
)
. (S127)
Multiplying both sides by pˆ, we obtain
v0F = vF
(
1 +
∞∑
l=0
∫
d2p′
(2π)2
f¯l cos lθpp′δ(vF p
′ − µ) cos θpp′
)
= vF (1 + F¯1). (S128)
Only the l = 1 term contributes, and we arrive at Eq. (14) of the main text.
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SV. SPIN SUSCEPTIBILITY OF THE NONINTERACTING HELICAL FERMI GAS
In this section we calculate the spin susceptibility of the noninteracting helical Fermi gas while taking both helicities
into account (i.e., without projecting out the negative helicity part).
S1. Out-of-plane spin susceptibility
We first consider the out-of-plane susceptibility at zero temperature. We consider a free Dirac system with a Zeeman
term, ignoring orbital effects of the magnetic field. (The combined effects of Zeeman and orbital couplings on the spin
susceptibility were studied in Ref. 9.) Landau quantization is expected to dominate only at very low fields. Spefically
the orbital contribution will dominate if
~vF
√
eB
~
> gµBB. (S129)
Experimental parameters for Bi2Se3, Sb2Te3, and Bi2Te3 exposed to ambient conditions put this scale on the order
of 10−4 T, thus for those systems, the Zeeman effect will dominate under typical experimental conditions.10 (When
exposed to ambient conditions the Fermi velocity can decrease by two orders of magnitude,11 which allows the Zeeman
term to dominate down to very small fields.) The Hamiltonian of the system is given by
H =
∫
d2k
(2π)2
c†k
(
h(k)− µ− 12gµBBσz
)
ck, (S130)
where ck = (ck↑, ck↓) is a two-component Dirac spinor, and
h(k) = v0F zˆ · (σ × k) = v0F
(
0 ike−iθk
−ikeiθk 0
)
. (S131)
We note that the out-of-plane Zeeman term is not diagonal in the helicity basis and thus cannot be captured by our
theory. This Hamiltonian can be diagonalized exactly. The full Hamiltonian can be written as
H = v0F
∫
d2k
(2π)2
c†k
(
− gµBB
2v0
F
ike−iθk
−ikeiθk gµBB
2v0
F
)
ck. (S132)
The eigenenergies Eχ(k) = χv
0
Fk+O(B2) do not change to linear order in out-of-plane field strength. The eigenvectors
for a given chirality χ = ±1 are
|ψχ(k)〉 = 1√
2
(
iχ
(
1− χ gµBB
2v0
F
k
)
e−iθk
1
)
. (S133)
We now calculate the expectation value of the Pauli matrices for a given chirality to lowest order in field strength.
This expectation value is proportional to the magnetization. We find
〈ψχ(k)|σz |ψχ(k)〉 = −χgµBB
2v0Fk
,
〈ψχ(k)|σx|ψχ(k)〉 = χ
(
1 + χ
gµBB
2v0Fk
)
sin θk,
〈ψχ(k)|σy |ψχ(k)〉 = χ
(
1 + χ
gµBB
2v0Fk
)
cos θk. (S134)
Summing over momentum and chirality, we find
〈σz〉 = −
∑
χ
∫
d2k
(2π)2
〈ψχ(k)|σz |ψχ(k)〉nF (Eχ(k)) =
∫ Λ/v0F
0
dk
2π
gµBB
2v0F
[
Θ(ǫF − v0F k)−Θ(ǫF + v0F k)
]
, (S135)
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where nF (ǫ) = (e
β(ǫ−µ) + 1)−1 is the Fermi function (evaluated at zero temperature β → ∞), and 〈σx〉 = 〈σy〉 = 0
due to the angular integral vanishing. We have also introduced a high-energy cutoff Λ. Evaluating the integrals, we
find
〈σz〉 = gµBB
4π(v0F )
2
(Λ− ǫF ) = gµBB
2
[ρ(Λ)− ρ(ǫF )], (S136)
where ρ(ǫ) = |ǫ|/2π(v0F )2 is the density of states of the helical Fermi gas. This corresponds to an out-of-plane
susceptibility
χzz =
1
2gµB〈σz〉
B
=
1
4
g2µ2B [ρ(Λ)− ρ(ǫF )]. (S137)
In the limit that ǫF → Λ, the out-of-plane spin susceptibility vanishes in agreement with the projected helical Fermi
theory.
S2. In-plane spin susceptibility
In this section we consider the in-plane susceptibility. We take the in-plane magnetic field to be in the x-direction
without loss of generality due to SO(2) rotation symmetry. The Hamiltonian we consider is
H =
∫
d2k
(2π)2
c†k
(
h(k)− µ− 12gµBBσx
)
ck. (S138)
The energy of an eigenstate of given chirality to linear order in field strength is
Eχ(k) = χv
0
Fk − χ sin θk
gµBB
2
+O(B2), (S139)
and the eigenstate of a given chirality is
|ψχ(k)〉 = 1√
2
(
χ
(
i− cos θk gµBB2v0
F
k
)
e−iθk
1
)
+O(B2). (S140)
We now calculate the expectation values of the Pauli matrices. We find to linear order in field strength
〈ψχ(k)|σz |ψχ(k)〉 = 0,
〈ψχ(k)|σx|ψχ(k)〉 = χ
(
sin θk − cos2 θk gµBB
2v0Fk
)
,
〈ψχ(k)|σy |ψχ(k)〉 = χ
(
cos θk − cos θk sin θk gµBB
2v0Fk
)
. (S141)
Summing over momentum and chirality we find
〈σx〉 =
∫
d2k
(2π)2
(
sin θk − cos θ2k
gµBB
2v0Fk
)[
Θ
(
ǫF − v0Fk + sin θk
gµBB
2
)
−Θ
(
ǫF + v
0
F k − sin θk
gµBB
2
)]
. (S142)
Simplifying the equation by using the fact that Θ(ǫF + v
0
Fk − sin θk gµBB2 ) is always one for a large Fermi energy ǫF ,
we find
〈σx〉 =
∫
dθ
2π
(∫ kF+sin θk gµBB
2v0
F
0
dk
2π
−
∫ Λ
v0
F
0
dk
2π
)(
sin θkk − cos2 θk gµBB
2v0F
)
. (S143)
Performing the integration, we find
〈σx〉 = gµBB
4
ρ(Λ), (S144)
which gives for the susceptibility
χxx =
1
8
g2µ2Bρ(Λ). (S145)
This agrees with the result obtained from our projected helical Fermi liquid theory [Eq. (S115) with F¯1 = 0] when
ǫF → Λ.
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SVI. COLLECTIVE MODES IN A HELICAL FERMI LIQUID
In this section we investigate the collective modes of a helical Fermi liquid in the presence of a monochromatic
external scalar potential, U(r, t) = Uei(q·r−ωt) with q ≪ pF and ω ≪ ǫF = vF pF . The quasiparticle distribution
function n¯p obeys the kinetic equation
∂n¯p(r, t)
∂t
+∇pǫp(r, t) · ∇rn¯p(r, t)−∇rǫp(r, t) · ∇pn¯p(r, t) = I[n¯p], (S146)
where I[n¯p] is the collision integral. In the presence of an external scalar potential, n¯p(r, t) and the quasiparticle
energy are given by
n¯p(r, t) = n¯
0
p + δn¯p(r, t), ǫp(r, t) = ǫ
0
p + U(r, t) +
∞∑
l=0
∫
d2p
(2π)2
f¯l cos lθpp′δn¯p′ . (S147)
In general, the collision integral involves scattering between states with different helicities, and one must keep both
helicities. However, if the relaxation-time approximation is valid, scattering between states with different helicities
can be neglected.
S1. First sound
We first consider collective modes in the hydrodynamic regime (regular sound waves), i.e., ωτ ≪ 1 where τ is the
quasiparticle collision time. Our goal is to find the sound velocity in the presence of quasiparticle interactions. This
derivation does not follow the standard derivation for regular Fermi liquids due to the lack of Galilean invariance. We
first obtain the local momentum conservation law. To do so, we first multiply Eq. (S146) by pi and then integrate
over p, which gives
∂gi(r, t)
∂t
+
∂Tij(r, t)
∂rj
+
∫
d2p
(2π)2
∂ǫp(r, t)
∂ri
n¯p(r, t) = 0, (S148)
where
gi(r, t) =
∫
d2p
(2π)2
pin¯p(r, t), Tij(r, t) =
∫
d2p
(2π)2
pi
∂ǫp(r, t)
∂pj
n¯p(r, t), (S149)
where gi is the momentum density. The integral of the collision term vanishes due to conservation of quasiparticle
momentum. We can rewrite this equation as
∂gi(r, t)
∂t
+
∂Πij(r, t)
∂rj
+ n¯(r, t)
∂U(r, t)
∂ri
= 0, (S150)
where n¯(r, t) =
∫
d2p
(2π)2 n¯p(r, t) and Πij is the total stress tensor, given by
Πij = Tij − δij
∫
d2p
(2π)2
U(r, t)n¯p(r, t). (S151)
In general, the stress tensor is of the form
Πij = Pδij − αij , (S152)
where P is the pressure and αij is the dissipative part of the stress tensor. We neglect α for the rest of this work
as it does not have an effect on the sound velocity. We now turn to the local energy conservation law. Multiplying
Eq. (S146) by ǫp(r, t) and then integrating over p gives∫
d2p
(2π)2
ǫp(r, t)
∂n¯p(r, t)
∂t
+
∂
∂rj
∫
d2p
(2π)2
ǫp(r, t)
∂ǫp(r, t)
∂pj
n¯p(r, t) = 0. (S153)
We now linearize Eq. (S150) and (S153). First we define,∫ ∞
0
dp p
(2π)2
δn¯p(r, t) = δn¯(pˆ, r, t),
∫ ∞
0
dp p
(2π)2
pδn¯p(r, t) = δΩ(pˆ, r, t), (S154)
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and mode expand δn¯(pˆ, r, t) and δΩ(pˆ, r, t) as
δn¯(pˆ, r, t) =
∞∑
n=−∞
Bn(r, t)e
inθ, δΩ(pˆ, r, t) =
∞∑
n=−∞
Cn(r, t)e
inθ. (S155)
The total density and energy fluctuations are then
δn¯(r, t) = 2πB0(r, t), δǫ(r, t) = 2πvFC0(r, t). (S156)
We note that the energy and density fluctuations are related by the equation of state. To linear order, we have
δǫ(r, t) =
∂f0(n0)
∂n0
δn¯(r, t) = µδn¯(r, t), (S157)
where f0 = 43π
1/2n3/2 is the equation of state in the noninteracting limit. Upon linearizing Eq. (S150) we obtain
1
2
µ∂xδn(r, t)(1 + F¯0) + 2π∂t(ReC1(r, t)) = −n0∂xU, (S158)
and
1
2
µ∂yδn(r, t)(1 + F¯0)− 2π∂t(ImC1(r, t)) = −n0∂yU. (S159)
Here we have used δP = n∂n/∂µδn, which is valid since the system is in local thermodynamic equilibrium, and
∂jδP (r, t)δij =
1
2
µ∂iδn(r, t)(1 + F¯0), (S160)
which follows from Eq. (S101) for the compressibility. Linearizing Eq. (S153) gives
∂tδǫ(r, t) + 2πv
2
F∂x(ReC1(r, t))(1 + F¯1)− 2πv2F∂y(ImC1(r, t))(1 + F¯1) = 0. (S161)
Taking the temporal derivative of Eq. (S163), the x-derivative of Eq. (S158) and the y-derivative of Eq. (S159), and
substituting Eq. (S158) and (S159) into Eq. (S163), we obtain
∂2t δǫ(r, t)−
1
2
µv2F∇2δn(r, t)(1 + F¯1)(1 + F¯0) = v2Fn0∇2U(1 + F¯1). (S162)
Using Eq. (S157), we find the equation of motion for the density fluctuations to be
∂2t n(r, t)−
1
2
v2F∇2δn(r, t)(1 + F¯1)(1 + F¯0) =
v2F
µ
n0∇2U(1 + F¯1). (S163)
Thus the velocity of first/hydrodynamic sound in the presence of quasiparticle interactions is given by
c1 = vF
√
1
2 (1 + F¯0)(1 + F¯1). (S164)
S2. Zero sound
We now turn to the collisionless regime ωτ ≫ 1. Solving Eq. (S146) by Fourier transform for U = 0, we find
(ω − q · vp)δn¯p + q · vp
∂n¯0p
∂ǫp
∑
l=0
∫
d2p′
(2π)2
f¯l cos θpp′δn¯p′ = 0, (S165)
where vp = vF pˆ. Following the standard approach in regular FLs, we assume a solution of δn¯p of the form
δn¯p = −
∂n¯0p
∂ǫp
νp, (S166)
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and expand νp as
νp =
∞∑
m=−∞
eimθ ν¯m. (S167)
We then have
(ω − q · vp)νp − q · vp
∞∑
l=0
ρ(ǫF )f¯l
∫ 2π
0
dθp′
2π
cos lθpp′νp′ = 0. (S168)
Choosing a system of coordinates for p such that q · pˆ = q cos θp, and defining the dimensionless variable s = ω/vF q,
we obtain
νp =
cos θp
s− cos θp
∞∑
l=0
ρ(ǫF )f¯l
∫ 2π
0
dθp′
2π
cos lθpp′νp′ = 0. (S169)
We first consider the case that F¯0 only is nonzero. Integrating over both θp and θp′ , we obtain the equation(
1 + F¯0Ω0(s)
)
ν¯0 = 0, (S170)
where we define the dimensionless function
Ωl(s) =
∫ 2π
0
dθ
2π
cos θ cos lθ
cos θ − s = Ω−l(s), (S171)
which is easily evaluated for the first few values l = 0, 1, 2,
Ω0(s) = 1− s√
s2 − 1 , (S172)
Ω1(s) = sΩ0(s), (S173)
Ω2(s) = 1 + (2s
2 − 1)Ω0(s). (S174)
A nontrivial solution ν¯0 6= 0 requires
1 + F¯0Ω(s) = 0, (S175)
which is easily solved to give
ω
vF q
=
1 + F¯−10√
(1 + F¯−10 )2 − 1
≡ c0
vF
, (S176)
where c0 is the velocity of zero sound. A zero sound mode thus exists for all positive (repulsive) values of F¯0. Because
Ω0(s) is real only for s > 1, for an undamped mode one must restrict oneself to s > 1. Simple expressions can be
obtained in the limits of strong and weak interaction,
c0 ≈ vF
√
F¯0
2
, F¯0 →∞, (S177)
c0 ≈ vF
(
1 +
1
2
F¯ 20
)
, F¯0 → 0. (S178)
We now consider turning on a nonzero value of F¯1 in addition to a positive F¯0. One then obtains three coupled
equations for ν¯0, ν¯1, ν¯−1, (
1 + F¯0Ω0(s)
)
ν¯0 + F¯1Ω1(s)(ν¯1 + ν¯−1) = 0, (S179)
2F¯0Ω1(s)ν¯0 +
(
1 + F¯1Ω0(s) + F¯1Ω2
)
(ν¯1 + ν¯−1) = 0, (S180)(
1 + F¯1Ω0(s)− F¯1Ω2(s)
)
(ν¯1 − ν¯−1) = 0. (S181)
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We see that the l = 0 mode ν¯0 and the symmetric combination of the l = ±1 modes ν¯1 + ν¯−1 are coupled by the
first two equations, while the antisymmetric combination ν¯1 − ν¯−1 decouples. The equation for the latter would also
be found in a model with a pure F¯1 interaction. Since we are primarily interested in the effects of a nonzero F¯1
interaction on the l = 0 mode found earlier, we will focus on the first two equations (S179)-(S180). The condition of
a nontrivial solution for ν¯0 and ν¯1 + ν¯−1 gives
1
F¯0
= − (1 + F¯1)Ω0(s)
1 + F¯1(1 + 2s2Ω0(s))
. (S182)
Consider negative values of F¯1. One can show that Ω0(s) and 1 + 2s
2Ω0(s) are negative for all s > 1. For F¯1 < 0, we
have
1
F¯0
=
(1− |F¯1|)|Ω0(s)|
1 + |F¯1||1 + 2s2Ω0(s)|
. (S183)
The right-hand side of this expression becomes negative for F¯1 < −1, implying that zero sound is destroyed for
sufficiently attractive values of F¯1. Given Eq. (11) in the main text, this can occur, for instance, due to sufficiently
attractive microscopic l = 0 interactions in the spin channel, e.g., f ss,10 sufficiently negative. The disappearance of
zero sound due to sufficiently attractive interactions in the spin channel was also found in a microscopic study of the
helical Fermi liquid.12
S3. Determining F¯1 from first/zero sound
As discussed in Sec. SIVS5, there is an operator identity that relates the electron velocity operator ve to the
electron spin σ. This identity is valid in the presence of interactions, but only involves the noninteracting Fermi
velocity v0F . Combined with the continuity equation ∂tnq = −iqjLq where nq is the density operator and jLq = qˆ · jq
is the longitudinal current density operator, this yields the identity ∂tnq = −iv0F qsTq where sTq = zˆ · (σ × qˆ) is the
transverse spin density operator. Passing to the frequency domain, this gives12
ω
v0F q
=
sTq
nq
, (S184)
where the right-hand side is now interpreted as a ratio of expectation values. In Ref. 12, the authors suggest generating
a spin-density wave of momentum q and amplitude sTq with a spin grating. In the presence of a collective mode of
frequency ω = csq where cs is the sound velocity (c1 or c0 depending on whether one is in the hydrodynamic or
collisionless regime), this will generate a long-lived density wave at momentum q whose amplitude nq can in principle
be measured. Using Eq. (S184), the ratio of amplitudes of the original spin-density wave and induced density wave
should be given by
sTq
nq
=
cs
v0F
=
1
1 + F¯1
cs
vF
. (S185)
Assuming for instance that one is in the hydrodynamic regime ωτ ≪ 1, one would get
sTq
nq
=
√
1
2
(
1 + F¯0
1 + F¯1
)
, (S186)
such that the value of F¯1 can be extracted from a measurement of the amplitude ratio, assuming that F¯0 is known
from heat capacity and electronic compressibility measurements, as explained in the main text. While the sound
modes give a q-independent ratio of amplitudes, the spin plasmon mode12 due to the unscreened Coulomb interaction
gives a ratio sTq /nq ∝ 1/
√
q, which can in principle be used to discriminate between the two types of collective modes.
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